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We present and analyze an effective scheme for preparing squeezed spin states in a novel spin-
mechanical hybrid device, which is realized by a single crystal diamond waveguide with built-in
silicon-vacancy (SiV) centers. After studying the strain couplings between the SiV spins and the
propagating phonon modes, we show that long-range spin-spin interactions can be achieved under
large detuning condition. We model these nonlinear spin-spin couplings with an effective one-axis
twisting Hamiltonian, and find that the system can be steered to the squeezed spin states in the
practical situations. This work may have interesting applications in high-precision metrology and
quantum information.
I. INTRODUCTION
Solid defects in diamond including nitrogen-vacancy
(NV) [1], silicon-vacancy (SiV) [2–4], and germanium va-
cancy (GeV) [5] color centers have attracted great inter-
est in recent years. With the advantage of long spin-
coherence times, they provide promising platforms for
quantum sensing and quantum information processing.
A most prominent example is the NV center, for which
the detection of weak signals [6], design of quantum logic
gates [7–9], and storage or transfer of quantum infor-
mation [10–14] have been investigated theoretically and
experimentally. However, SiV centers are increasingly
recognized as more attractive in some cases because they
provide favorable optical properties such as bright, spec-
trally stable emission and very large strain susceptibil-
ity. In particular, recent demonstrations of long spin-
coherence times (∼10 ms at low temperature) [15], and
spin-photon interfaces [16], as well as a variety of quan-
tum controls [17–24], make the SiV center a good memory
qubit. More importantly, the very recent research shows
that the strong strain couplings between the individual
SiV center spins and the propagating phonon modes can
be achieved [25]. This may set a base for manipulating
the quantum states of SiV centers via the spin-phonon
couplings.
As spin-based quantum technology evolves, there has
been a considerable effort to manipulate the solid defect
centers with mechanical driving [26]. Generally speaking,
the static strain will generate energy shifts in the ground
states, and the resonant a.c. strain field can coherently
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drive electron spin transitions. Thus far, the strong me-
chanical driving spin transitions with NV centers or di-
vacancy centers in silicon carbide have been experimen-
tally demonstrated [27–29]. However, as the sublevels
of the ground state in NV centers are defined within
the same orbital, the strain susceptibility is very weak
(∼ 109 Hz/strain) [29–31]. By contrast, for SiV centers,
because the ground states are defined in distinct orbital
branches, they provide much larger strain susceptibility
(∼ 1015 Hz/strain) [20–23], and are more attractive to
structure spin-mechanical hybrid devices. To further ex-
plore the potential of the spin-mechanical hybrid quan-
tum systems, it is very appealing to steer the collective
spins to the entangled states or the spin squeezed states
(SSSs).
Arising from quantum correlation of collective spin sys-
tems, spin squeezing means partly cancel out fluctua-
tions in one direction at the expense of those enhanced
in the other directions [32–34]. Providing the ability to
interrogate a physical system and precisely measure its
observables, SSSs are fundamental to quantum informa-
tion and high-precision metrology [35–37]. After decades
of development, several schemes for preparing the SSSs
with large atomic ensembles have been demonstrated.
For instance, one can directly transfer the SSSs from the
optical field to the atomic ensembles [38–40]. However,
in this protocol, the degree of spin squeezing is limited
by the quality of the input optical field. Other promis-
ing schemes include quantum non-demolition measure-
ment [41, 42], or cavity squeezing [43–46]. As for spin-
mechanical hybrid architectures, the spin-phonon cou-
plings can be utilized for driving the collective spins.
Specifically, an effective scheme for preparing the SSSs
with NV centers through mechanical driving has been
theoretically studied in Ref. [47]. However, because the
coupling interactions between NV spins and mechani-
2cal phonon modes are very weak, further experimental
demonstrations are needed to verify its feasibility.
In this work, we propose an experimentally feasi-
ble scheme for generating the SSSs with SiV centers
in a novel spin-mechanical hybrid device. In particu-
lar, the setup under consideration is realized by a dia-
mond waveguide with SiV spins embedded. We first de-
scribe the strain couplings between the SiV centers and
the propagating phonons, and show that the long-range
spin-spin interactions can be obtained under large detun-
ing condition. We model these nonlinear spin-spin cou-
plings with an effective one-axis twisting Hamiltonian,
and find that the system can be steered to SSSs as time
envolves. We further study the effects of decoherence
processes with numerical simulations, showing that our
scheme is feasible in the realistic conditions. The benefits
of this spin-mechanical hybrid device are quite diverse.
For one thing, SiV centers provide long spin-coherence
times, and their ground states can be tuned by external
magnetic fields via Zeeman effect. For another, the re-
cent research shows that the spin-phonon couplings can
reach 2π×14 MHz even for single SiV centers [25], which
far exceeds the decoherence rates. Because the collective
spin-phonon couplings are used for spin squeezing in our
scheme, the coupling strength would further be enhanced.
Apart from SSSs, there are more potential applications
utilizing this hybrid quantum device, such as the entan-
glement detections [48].
II. THE SETUP
A. Electronic structure of the SiV centers
As shown schematically in Fig. 1(a), the setup un-
der consideration is realized by a single crystal diamond
waveguide with built-in SiV centers. In particular, we
consider a waveguide with size (l, w, t), and focus on the
quasi-one-dimensional (1D) condition l ≫ {w, t}. We
suppose the symmetry axis of the SiV centers is along the
z axis, and the compression phonon modes supported by
the waveguide is along the x axis. In the diamond lattice,
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FIG. 1. Schematic design and operation of the setup. (a)
The SiV center ensemble is embedded in a quasi-1D diamond
waveguide. (b) In the presence of static magnetic field, the
ground states of each SiV center can be mapped to a four-level
system, and the spin transitions induced by the mechanical
phonon modes are between |a〉 ↔ |c〉 and |b〉 ↔ |d〉. In the
case without magnetic field, the SiV ground states simplify
to a two level system, denoted as |a〉 and |c〉.
the SiV center is a point defect in which a silicon atom is
positioned between two adjacent missing carbon atoms.
The electronic ground state of SiV center consists of an
unpaired hole with spin S = 1/2, which can occupy one
of the two degenerate orbital states |ex〉 or |ey〉. In the
presence of an external magnetic field ~B = Bz~ez, the SiV
center spin is captured by Hamiltonian (let ℏ = 1)
HˆSiV = −λsoLˆzSˆz + HˆJT + fγLBzLˆz + γs ~B · ~ˆS, (1)
where λSO > 0 is the spin-orbit coupling constant, Lˆz
and Sˆz are the projections of the dimensionless angular
momentum and spin operators ~ˆL and ~ˆS onto the symme-
try (z) axis of the center, HˆJT is the Jahn-Teller (JT)
effect, f ≈ 0.1 is the reduced orbital Zeeman effect, and
γL(γs) is the orbital (spin) gyromagnetic ratio.
In weak magnetic field environment, the SiV spin
Hamiltonian (1) is dominated by the spin-orbit coupling,
with a constant λSO ≃ 2π × 45 GHz. This coupling
interaction splits the ground state manifold into two
lower states {|e−, ↓〉, |e+, ↑〉} and two upper states {|e+, ↓
〉, |e−, ↑〉}, where |e±〉 = (|ex〉± i|ey〉)/
√
2 are eigenstates
of the angular momentum operator, Lˆz|e±〉 = ±|e±〉.
The reduced orbital Zeeman term can be neglected in our
discussion, as it does not affect the results. In addition,
the JT interaction HˆJT with strength Υ =
√
Υ2x +Υ
2
y ≪
λSO results in a mixing between the orbital angular mo-
mentum states |e+〉 and |e−〉. Putting everything to-
gether, diagonalization of the SiV spin Hamiltonian (1)
leads to a four-level system [22–25], with eigenstates
|a〉 = (cos θ|ex〉 − i sin θe−iφ|ey〉)| ↓〉,
|b〉 = (cos θ|ex〉+ i sin θeiφ|ey〉)| ↑〉,
|c〉 = (sin θ|ex〉+ i cos θe−iφ|ey〉)| ↓〉,
|d〉 = (sin θ|ex〉 − i cos θeiφ|ey〉)| ↑〉, (2)
where tan(θ) = (2Υx + ∆)/
√
λ2SO + 4Υ
2
y, and tan(φ) =
2Υy/λSO. The corresponding eigenenergies read ωa,b =
−(D ± ωB)/2 and ωc,d = (D ∓ ωB)/2, where D =√
λ2SO + 4Υ
2 ≈ 2π × 46 GHz is the intrinsic splitting
of the ground states, and ωB = γsBz is the Zeeman en-
ergy. Remarkably, because Υx,y ≪ λSO, we can ig-
nore the small distortions of the orbital states induced
by the JT effect, then obtain a simplified expression
|a〉 ≈ |e−, ↓〉, |b〉 ≈ |e+, ↑〉, |c〉 ≈ |e+, ↓〉 and |d〉 ≈ |e−, ↑〉.
B. Spin-phonon couplings
In this spin-mechanical hybrid device, the time-
dependent displacement field associated with internal
compression modes of the waveguide affect the Coulomb
energy of the electronic states, which induces the spin-
phonon couplings. In the quasi-1D condition, we assume
that the orbital degrees of freedom of the SiV centers are
3coupled to a continuum of compression modes propagat-
ing along the x axis [24, 25]. After quantization, the dis-
placement field associated with the propagating phonon
modes can be expressed as
~u(~r) =
∑
k,n
Q0n,k~u
⊥
n,k(y, z)(bˆn,ke
ikx + bˆ†n,ke
−ikx), (3)
where Q0n,k is the effective zero point fluctuations,
~u⊥n,k(~r, t) is the transverse mode profile, bˆn,k and bˆ
†
n,k
are the annihilation and creation operators of the propa-
gating phonons with eigen frequency ωn,k, k is the wave
vector, and n is the band index (see Appendix A and B).
As a result, the spin-mechanical dynamics for the whole
system can be described by Hamiltonian
Hˆsys =
∑
j
Hˆ
(j)
SiV +
∑
n,k
ωn,kbˆ
†
n,k bˆn,k
+
∑
j,n,k
(gjn,kσˆ
j
−bˆ
†
n,ke
−ikxj +H.c.), (4)
where j labels the SiV centers located at positions
~rj(xj , yj , zj), g
j
n,k is the spin-phonon coupling constant,
and σˆj− = (σˆ
j
+)
† = |aj〉〈cj | + |bj〉〈dj | is the spin-
conserving lowering operator.
For a waveguide with small size, because the phonon
modes are well separated in frequency (∆ωn ≥ 2π × 50
MHz), the defect centers are coupled predominantly to
only one compression mode of the waveguide (see Ap-
pendix C). As a result, the mechanical phonon modes
can be simplified to a single standing-wave mode bˆ with
frequency ωm ∼ D ≈ 2π×46 GHz. In particular, depend-
ing on the local strain tensor εij and the mode profile
~u⊥n,k(~r, t), the spin-phonon coupling constant for single
SiV center can be estimated as [24, 25]
g ≃ d
vl
√
~ωm
2ρlwt
, (5)
where d/2π ∼ 1015 Hz/strain is the strain sensitivity, vl
is the speed of the longitudinal compression modes in the
waveguide, and ρ is the density of diamond.
For the purpose of simplification, we consider the case
Bz → 0. Then the SiV center spins can be mapped
to a two-level system (i.e., spin- 12 particles) denoted as
|aj〉 and |cj〉, and the spin-conserving lowering operator
simplifies to σˆj− → |aj〉〈cj |. We further introduce the
collective spin operators Jˆ− = (Jˆ+)
† =
∑N
j=1 |aj〉〈cj |,
Jˆx =
1
2 (Jˆ− + Jˆ+), and Jˆy =
i
2 (Jˆ− − Jˆ+), which satisfy
the usual angular momentum commutation relations
[Jˆα, Jˆβ ] = iεαβγJˆγ , [Jˆ+, Jˆ−] = 2Jˆz, [Jˆz, Jˆ±] = ±Jˆ±,
(6)
where εαβγ is the Levi-Civita symbol, and Jˆz =
1
2
∑N
j=1 |cj〉〈cj | − |aj〉〈aj |. The Hamiltonian of the whole
system then can be represented as
Hˆsys = ωmbˆ
†bˆ+ ωsJˆz + ge(bˆ
†Jˆ− + bˆJˆ+), (7)
where ge ≃
√
Ng is the collective coupling strength, and
ωs ∼ D ≈ 2π× 46 GHz is the resonance frequency of the
SiV spins. Hamiltonian (7) describes a Tavis-Cummings
type interaction between an ensemble of SiV spins and a
single mechanical phonon mode.
C. Effective model
We now consider the spin-phonon couplings in the
large detuning condition ge ≪ ∆ = |ωs−ωm|. In a frame
rotating at the mechanical frequency ωm, the system can
be described by Hamiltonian
HˆI = ∆Jˆz + ge(bˆ
†Jˆ− + bˆ
†Jˆ+), (8)
with ∆ the detuning of the spin-phonon couplings. To
study the phonon-mediated spin-spin coupling interac-
tions, we introduce the Fro¨lich-Nakajima transform
Hˆeff = e
−RHˆeR, (9)
where R = ge(bˆ
†Jˆ−−bˆJ+)/∆. By performing the Fro¨lich-
Nakajima transform to HˆI , and using Jˆ+Jˆ− = Jˆ
2− Jˆ2z +
Jˆz, to order (ge/∆)
2 we obtain an effective Hamiltonian
[33, 47]
Hˆeff ≃ (∆ + λ+ 2λbˆ†bˆ)Jˆz − λJˆ2z , (10)
where λ = g2e/∆ is the coupling strength of the effective
spin-spin interactions. In our system, these nonlinear
spin-spin couplings are induced by virtual excitations of
the mechanical modes. We note that when ignoring the
fluctuations of the phonon number n = bˆ†bˆ, the effec-
tive Hamiltonian (10) simplifies to a standard one-axis
twisting model.
III. EXPERIMENTAL FEASIBILITY
We now consider the experimental feasibility of our
scheme and the appropriate parameters to achieve strong
couplings. In view of the recent progress in the fabri-
cation of high-quality diamond structures [49–51], and
demonstrations of strain-induced control of defects [22–
29], the proposed scheme could realistically be imple-
mented with current experimental techniques. For the di-
amond waveguides, the material properties are E = 1050
Gpa, ν = 0.2, and ρ = 3500 kg/m3. The group velocities
for a longitudinal compression and a transverse flexural
mode are vl = 1.7×104 m/s and vt = 0.73×104 m/s, re-
spectively. We consider a quasi-1D diamond waveguide
with size (0.1, 0.1, 20) µm3, then the coupling constant
can be estimated as g ∼ 3.4 MHz for individual SiV cen-
ters. For a SiV ensemble with spin number N ∼ 1000,
a collective spin-phonon coupling ge ≃
√
Ng ∼ 100
MHz can be reached. In the large detuning condition
∆ ∼ 10ge, the effective spin-spin coupling strength can
4be estimated as λ ≃ g2e/∆ ∼ 10 MHz. By adjusting the
size and spin number of the diamond waveguide, these
spin-spin couplings could further be enhanced.
In the practical situations, a quality factor Q ∼ 5×104
for the mechanical phonon modes is realistic, which re-
sults in a mechanical decay rate γm ≃ ωm/Q ∼ 2π × 1
MHz. In the low-temperature environment T ∼ 100
mK, the spin-coherence time of SiV centers can reach
∼ 10 ms with dynamical decoupling [15]. Even tak-
ing into account the surface effect on SiV centers’ de-
coherence, the spin dephasing rate is still expected to be
about γs ∼ 2π × 100 kHz. The thermal phonon number
nth ≃ (eℏωm/kBT−1)−1 is far below 1 in such low temper-
ature. With these realistic coupling (decay) parameters,
we perform numerical simulation for the dynamics of the
system, the result is displayed in Fig 3(a). We find that in
the practical situations, the effective spin-spin couplings
can dominate the decoherence processes, and steer the
SiV centers to SSSs as time evolves.
IV. SPIN SQUEEZING
A. The ideal case
We first discuss the spin squeezing of SiV centers in
this spin-mechanical hybrid device in the ideal case, then
turn to the decoherence effects in the realistic condition.
Specifically, the spin squeezing in our system can be in-
troduced by the Heisenberg uncertainty relation. As the
collective spin operators {Jˆx, Jˆy, Jˆz} obey SU(2) alge-
bra, the associated uncertainty relation (∆Jˆα)
2(∆Jˆβ)
2 ≥
|〈Jˆγ〉|2/4 can be satisfied. Using optical pumping and mi-
crowave spin manipulation, we can firstly preparing the
SiV centers to the coherent spin state |ψ0〉 along the x
axis, which satisfies Jˆx|ψ0〉 = J |ψ0〉, where J = N/2.
As the coherent spin state is also known as minimum-
uncertainty state, we have (∆Jˆy)
2 = (∆Jˆz)
2 = |Jˆx|/2 =
J/2, with J/2 the standard quantum limit.
The spin squeezing is defined if the variance of a spin
component normal to the mean spin is smaller than the
standard quantum limit, i.e., (∆Jˆ~n⊥)
2 < J/2. In order
to describe the degree of spin squeezing, we introduce the
definition of spin squeezing parameter given by Kitagawa
and Ueda [32]
ξ2 =
4(∆Jˆ2~n⊥)min
N
(11)
where ~n⊥ = sinα ·~y+cosα ·~z refers to an axis perpendic-
ular to the mean-spin direction ~x, and the minimization
is over all directions ~n⊥. Note that the spin coherent
states and the SSSs can be distinguished by ξ2 = 1 or
ξ2 < 1. Further more, as theoretically studied in Ref.
[32–34], for spin- 12 particles the minimization spin uncer-
tainty can also be represented as
(∆Jˆ2~n⊥)min =
1
2
(A−
√
B2 + 4C2) (12)
where A = 〈Jˆ2y + Jˆ2z 〉, B = 〈Jˆ2y − Jˆ2z 〉, and C = 12 〈JˆyJˆz +
JˆzJˆy〉.
We now consider preparing the SSSs of SiV centers in
our system using the dynamic evolution of the system.
Under large detuning condition, we show that the effec-
tive spin-spin interactions can be achieved through the
spin-phonon couplings. We model these long-range spin-
spin interactions with the effective Hamiltonian (10), and
find that a standard one-axis twisting model can be ob-
tained when ignoring the phonon fluctuations. We re-
mark that the one-axis twisting interaction works in anal-
ogy to the squeezing operator, which can steer the sys-
tem to the SSSs with properly initial states. In partic-
ular, this spin squeezing protocol has been implemented
in BEC via atomic collisions [52–54] and in atomic en-
sembles via large detuned atom-field interactions [41].
Moreover, the analytic solutions of the standard one-axis
twisting model has been studied in Ref. [32–34]. In our
system, as time evolves, the minimization spin uncer-
tainty in the short-time limit (λt≪ 1) and large particle
number (J ≫ 1) can be calculated as
(∆Jˆ2~n⊥)min ≃
J
2
(
1
4α2
+
2
3
β2). (13)
where α = Jλt > 1 and β = J(λt)2 ≪ 1. In particular,
the tmin via minimizing (∆Jˆ
2
~n⊥
)min can be obtained by
solving
d(∆Jˆ2~n⊥ )min
dt
|tmin = 0, (14)
which results in the optimal squeezing time
tmin ≃ 3
1/6
λ
(2J)−2/3. (15)
Inserting tmin into Eqs. (11) and (13), we now obtain the
optimal squeezing parameter
ξ2opt ≃
1
2
(
2J
3
)−2/3. (16)
It is observed that the degree of spin squeezing enhanced
exponentially by increasing the spin number N .
B. Decoherence effects
Since any quantum system would suffer from decoher-
ence, we now turn to considering the dynamics of the
system in the realistic case. As T1 for SiV centers can
reach 1 second in the low-temperature environment, the
spin relaxation can be ignored in our discussion. Taking
the dephasing (γs) of the SiV spins and the decay of the
mechanical modes (γm) into consideration, the full dy-
namics of this system can be described by the following
master equation:
dρˆ(t)
dt
= −i[Hˆeff , ρˆ] + γsD[Jˆz ]ρ
+(nth + 1)ΓmD(Jˆ−) + nthΓmD(Jˆ+), (17)
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FIG. 2. The effects of spin number and decay parameters
to spin squeezing. The dynamic evolution of the system is
simulated with different: (a) spin number N , where Γm =
0.001λ, nth = 1, and γs = 0.01λ; (b) effective mechanical
decay rate Γm, where N = 10, nth = 1, and γs = 0.01λ; (c)
thermal phonon number nth, where N = 10, Γm = 0.001λ,
and γs = 0.01λ; (d) spin dephasing rate γs, where N = 10,
Γm = 0.001λ, and nth = 1.
where nth = (e
ℏωm/kBT − 1)−1 is the thermal phonon
number at the environment temperature T and D(oˆ)ρˆ =
oˆρˆoˆ† − 12 oˆ†oˆρˆ − 12 ρˆoˆ†oˆ for a given operator oˆ. The last
two terms describe collective spin relaxation induced by
mechanical dissipation, with Γm = γmg
2
e/∆
2.
To study the effects of decoherence processes to spin
squeezing, we perform numerical simulations by solving
the master Eq. (17) with effective Hamiltonian (10). The
simulations are limited in the case for small spin num-
ber N , and the initial state is set as the coherent spin
state |ψ0〉 along the x axis. As illustrated in Fig 2(a),
we observe that the spin squeezing can be enhanced by
increasing the spin number. In particular, with the in-
crease in N , the time that the system needs to reach the
optimal squeezing point will be shortened. In Figs 2(b)
and 2(c), we show that the decoherence of the mechani-
cal mode has an obviously harmful effect to the squeezing
dynamics. In practical situations, this effect depends on
not only the effective mechanical decay rate Γm, but also
the thermal phonon number nth. The dynamic evolution
of the system with different spin dephasing rates is dis-
played in Fig 2(d). According to the simulation results,
the effect of spin dephasing is not so obviously, compared
with the mechanical decay.
For spin-mechanical hybrid system with large spin
number N, directly solving the master Eq. (17) turn
out to be difficult. However, we can still study the dy-
namics of the system by estimating the mean values of
the spin operators. As shown in Eq. (12), in order to
estimate the optimal squeezing parameter in our system,
a set of spin operators {〈Jˆx〉, 〈Jˆy〉, 〈Jˆz〉, 〈Jˆ2y 〉, 〈Jˆ2z 〉, 〈Jˆyz〉}
need to be determined, where Jˆyz =
1
2 〈JˆyJˆz + JˆzJˆy〉.
Because the initial state satisfying Jˆx|ψ0〉 = J |ψ0〉, we
have 〈Jˆy〉 = 〈Jˆz〉 = 〈Jˆyz〉 = 0 and 〈Jˆ2y 〉 = 〈Jˆ2z 〉 = J/2 at
the beginning. As theoretically studied in Ref. [47], the
mechanical decay (Γm) and spin dephasing (γs) terms
can be treated separately using an approximate numeri-
cal approach, and the master Eq. (17) can be linearized
in the short time regime. As a result, the evolution of
the spin averages can be described by
d〈Jˆx〉
dt
= −γs〈Jˆx〉
d〈Jˆy〉
dt
= λJ〈Jˆz〉 − γs〈Jˆy〉 − Γm(n˜th + 1
2
)〈Jˆy〉+ Γm〈Jˆyz〉
d〈Jˆz〉
dt
= −2Γm(n˜th + 1
2
)〈Jˆz〉 − Γm[J(J + 1)− 〈Jˆ2z 〉]
d〈Jˆ2y 〉
dt
= 2Jλ〈Jˆyz〉 − 2γs(〈Jˆ2y 〉 −
J
2
) + Γm(J +
1
2
)〈Jˆz〉
−2Γm(n˜th + 1
2
)〈Jˆ2y − Jˆ2z 〉
d〈Jˆ2z 〉
dt
= −2Γm(n˜th + 1
2
)[3〈Jˆ2z 〉 − J(J + 1)]
+Γm〈Jˆz〉[1 − 2J(J + 1
2
)]
d〈Jˆyz〉
dt
= λJ〈Jˆ2z 〉 − γs〈Jˆyz〉 − 5(n˜th +
1
2
)Γm〈Jˆyz〉
−Γm(J2 − 1
4
)〈Jˆy〉. (18)
Putting Eqs. (11), (12), and (18) together, we can study
the dynamic evolution of our system by numerical sim-
ulations. The result is shown in Fig 3(a). As discussed
in Sec. III, the relative coupling (decay) parameters are
N ∼ 103, λ ∼ 10 MHz, Γm ≃ γmg2e/∆2 ∼ 10 kHz, and
γs ∼ 100 kHz. As the system evolves, we show that
0.00 0.05 0.10
0.0
0.2
0.4
0.6
0.8
1.0
 nth=10
 nth=1
a
t
101 102 103 104 105 106
10-5
10-4
10-3
10-2
10-1
100
2
 =0.34
 =3.4
 Idea case
2
opt
N
b
FIG. 3. (a) The spin squeezing dynamics in the practical sit-
uation with spin number N = 1000. The related decoherence
parameters are Γm = 0.001λ, γs = 0.01λ, and nth = {1, 10}.
(b) Optimal squeezing parameter ξ2opt versus spin number N
in the ideal and realistic cases. In the practical case, the
single-spin coupling-to-decay ratios are η = {3.4, 0.34} for
nth = {1, 10}, respectively.
6the optimal squeezing parameters {0.046, 0.112} can be
reached for nth = {1, 10}, respectively.
As illustrated in Ref. [47] for NV centers, the lin-
earization of the master equation may also result in
some formulas to estimate the optimal squeezing param-
eter for a system with arbitrary large spin number N .
By introducing the single-spin coupling-to-decay ratio
η = g/max{nthγm, γs}, the optimal squeezing param-
eter can be estimated as
ξ2opt ≃
2√
Jη
, (19)
with optimal squeezing time tmin ≃ 1/(γs
√
Jη). In com-
parison, the estimated optimal spin squeezing parameters
in the ideal case and in the realistic case are shown in
Fig 3 (b). These results are obtained by solving the Eqs.
(16) and (19), respectively. We observe that for both
the two cases, the spin squeezing degree can be enhanced
exponentially by increasing the spin number.
V. DISCUSSION AND CONCLUSION
We now take a further consideration about the phonon
number fluctuations in our system. In particular, we
mention that the phonon fluctuation term ∝ bˆ†bˆJˆz in ef-
fective Hamiltonian (10) could also be utilized for spin
squeezing through a cavity feedback scheme. Remark-
ably, this cavity feedback spin squeezing protocol has al-
ready been experimentally studied with ultracold atoms
[55–57]. In our setup, it can be performed by driving
the mechanical phonon modes [47]. On the other hand,
the phonon number n = bˆ†bˆ couples to Jˆz, which may
also result in additional spin dephasing due to thermal
number fluctuations. Together with the inhomogeneous
broadening of the spin ensemble, it may limit the long
spin-coherence time of SiV centers. However, we remind
that these effects can be effectively suppressed by the
spin-echo techniques [58, 59].
In summary, we present an efficient scheme for squeez-
ing the SiV center spins in an exquisite spin-mechanical
hybrid device. We show that, the strain couplings be-
tween the SiV spins and the compression phonon modes
allow long-range spin-spin interactions in the large de-
tuning condition. By modeling these nonlinear spin-spin
couplings with an effective one-axis twisting Hamilto-
nian, we find that the SiV centers with properly ini-
tial states can be steered to the SSSs as the system
evolves. Further more, we study the effects of decoher-
ence processes with numerical simulations, showing that
in the practical conditions, the SiV spin ensemble with
a spin number N ∼ 103, can be strongly squeezed in
the low-temperature environment T ∼ 100 mK . This
spin-mechanical hybrid architecture provides a promising
platform for studying the SSSs with spin-phonon cou-
plings, which may further be applied in entanglement
detection, quantum information, and high-precision mea-
surement.
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Appendix A: Calculation of mechanical compression
modes in diamond waveguide
In the main text we show that our setup is realized by
a diamond waveguide with size (l, w, t), and we focus on
the case l≫ {w, t}. We now discuss the mechanical com-
pression modes propagating along the waveguide. With
the framework of elastic mechanical theory, the mechan-
ical modes can be treated as a continuous displacement
field ~u(~r, t). For a linear, isotropic medium, the motional
equation of the time-dependent displacement field reads
ρ
∂2
∂t2
~u(~r, t) = (λ+ µ)~∇(~∇ · ~u(~r, t)) + µ~∇2~u(~r, t), (A1)
where ρ is the mass density of the diamond. Specifically,
the Lame´ constants λ and µ can be expressed in terms
of the Young’s modulus E and the Poisson ratio ν, i.e.,
λ =
νE
(1 + ν)(1 − 2ν) , µ =
E
2(1 + ν)
. (A2)
For a diamond waveguide, we have ρ = 3500 kg/m3, E =
1050 Gpa and ν = 0.2. By assuming periodic boundary
conditions, the motional equation (A1) can be solved by
the general ansatz
~u(~r, t) =
1√
2
∑
k,n
~u⊥n,k(y, z)[An,k(t)e
ikx +A∗n,ke
−ikx],
(A3)
where the index n denotes the different phonon branches,
and k = 2π/L×m labels the wavevector along the x-axis.
Note that the amplitudes An,k(t) and the mode frequen-
cies ωn,k satisfy A¨n,k(t)+ω
2
n,kAn,k(t) = 0. Together with
the transverse mode profile ~u⊥n,k(x, y), they can be cal-
culated by the finite-element-method simulations for a
waveguide with arbitrary size.
Appendix B: Quantization of the displacement field
We now consider the propagating phonon modes sup-
ported by the diamond waveguide in the quantum regime.
Using a quantization method similar to that used for
the electromagnetic field in quantum optics, the motion
7of the diamond lattices associated with the propagating
phonons can be quantized. As a result, the quantized
displacement field can be represented as
~u(~r) =
∑
k,n
Q0n,k~u
⊥
n,k(y, z)(bˆn,ke
ikx + bˆ†n,ke
−ikx), (B1)
where bˆn,k and bˆ
†
n,k are the annihilation and creation op-
erators of the phonons, which can be defined as
bˆn,−k =
1
2
(
Qˆn,k
Q0n,k
+
iPˆn,k
P 0n,k
), bˆ†n,k =
1
2
(
Qˆn,k
Q0n,k
− iPˆn,k
P 0n,k
). (B2)
Here Qˆn,k and Pˆn,k denote the generalized coordinate
and momentum operators, which satisfying the canonical
commutation relations [Qˆn,k, Pˆn,k] = iℏδn,n′δkk′ . In par-
ticular, the effective zero point fluctuations of the phonon
modes can be estimated as Q0n,k =
√
ℏ/(2ρVeffωn,k) and
P 0n,k =
√
(ℏρVeffωn,k)/2. Further more, the resulting
Hamiltonian for the propagating phonons reads
Hˆph =
∑
k,n
~ωn,kbˆ
†
n,kbˆn,k. (B3)
Appendix C: Description of the spin-phonon
couplings
In our system, the time-dependent displacements of
the lattice atoms forming the defect centers affect the
defects’ electronic structure, which results in the strain
couplings between the propagating phonons and the or-
bital degrees of freedom of the SiV centers. As described
in the main text, we assume the symmetry axis of the SiV
centers is along the z axis, and the propagating phonon
modes supported by the waveguide is along the x axis.
Then the strain tensor can be defined as
ǫij =
1
2
(
∂ui
∂xj
+
∂uj
∂xi
), (C1)
with ui(j) denoting the quantized displacement field with
subscripts i, j ∈ {x, y, z}. For a small stress, the effect
of lattice deformation is linear in the strain components
and is captured by Hamiltonian
Hˆstrain =
∑
i,j
Vijǫij , (C2)
where Vij are the particular strain components acting on
the SiV electronic levels.
The Hamiltonian Hstrain can be rewritten with Group
theory in terms of basis-independent linear combinations
of strain components adapted to the symmetries of the
SiV center. These combinations can be viewed as partic-
ular modes of deformation, and the resulting effects on
the orbital wave functions can be deduced using group
theory. Specifically, by projecting the strain tensor onto
the irreducible representations of the point group of the
SiV center (D3d), we arrive at
Hˆstrain =
∑
l
Vlǫl, (C3)
where each ǫl denotes a linear combination of strain com-
ponents ǫij , and corresponds to specific symmetries indi-
cated by the subscript l, i.e.,
ǫA1g = t⊥(ǫxx + ǫyy) + t‖ǫzz,
ǫEgx = d(ǫxx − ǫyy) + fǫzx, (C4)
ǫEgy = −2dǫxy + fǫyz.
Here, t⊥, t‖, d and f are four strain-susceptibility param-
eters, which are related to the original stress-response
coefficients. The effects of these strain components on
the electronic states can be represented as
VA1g = |ex〉〈ex|+ |ey〉〈ey|,
VEgx = |ex〉〈ex| − |ey〉〈ey|, (C5)
VEgy = |ex〉〈ey |+ |ey〉〈ex|.
As coupling to symmetric local distortions (∼ ǫA1g )
shifts all ground states equally, it can be ignored in our
discussion. In the basis spanned by the eigenstates of the
spin-orbit coupling {|e−〉, |e+〉}, the strain Hamiltonian
can be rewritten as
Hˆstrain = ǫEgx(Lˆ− + Lˆ+)− iǫEgy (Lˆ− − Lˆ+), (C6)
where Lˆ+ = (Lˆ−)
† = |c〉〈a|+ |d〉〈b| is the orbital raising
operator within the ground states. By decomposing the
local displacement field as in Eq. (B1), the spin-phonon
couplings under the rotating-wave approximation can be
expressed as
Hˆstrain ≃
∑
j,n,k
[(gjn,kσˆ
j
+↑ + g
j∗
n,−kσˆ
j
+↓)bˆn,ke
ikxj +H.c.],
(C7)
where σˆj+↑ = |cj〉〈aj | and σˆj+↓ = |dj〉〈bj |. Here the spin-
phonon coupling strength is given by
gn,k =
d
vl
√
~ωn,k
2ρlwt
ζn,k(~r), (C8)
and the dimensionless profile reads
ζn,k(~r) =
1
|k| [(iku
⊥,x
n,k + ik
f
2d
u⊥,zn,k +
f
2d
∂zu
⊥,x
n,k − ∂yu⊥,yn,k )
−i(iku⊥,yn,k + ∂yu⊥,xn,k +
f
2d
∂yu
⊥,z
n,k +
∂zu
⊥,y
n,k
2
)].
(C9)
For the compression phonon modes propagating along
the x-axis, the mode function can be approximated as
~un,k(~r) ∼ ~ex cos(ωn,kx/vl), resulting in |ζn,k(~r)| ∼ 1.
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